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Abstract—The electromagnetic radial force acting on
the stator inner periphery will induce radial vibration
and acoustic noise in permanent magnet synchronous
machines. The radial force components are transmitted
through the stator teeth to the yoke to introduce deforma-
tions. The influence of the stator tooth structure can be
considered as an equivalent mechanical modulation effect
on these electromagnetic radial force components. As a
result, high-order electromagnetic radial force components
can be modulated and potentially result in eminent stator
low-mode vibration. In this paper, an analytical model is
developed to offer an intuitive knowledge of stator tooth
modulation effect on electromagnetic radial force. The va-
lidity of the proposed analytical method has been under-
pinned by both finite element analysis and experimental
results. Such an effective yet simple analytical model can
be of significant benefit for the stator radial vibration anal-
ysis. It can be employed to not only promptly investigate
the stator radial vibration characteristics but also perform
effective optimization on stator radial vibration reduction in
permanent magnet synchronous machines.
Index Terms—permanent magnet synchronous motor,




HE acoustic noise and vibration, which are the main
parasitic effects in permanent magnet synchronous ma-
chine (PMSM) drives, have been drawing particular attention
throughout their design and operation stages. Electromagnetic
radial force density (ERFD) is one of the primary sources for
noise and vibration in low- to medium-power rated PMSMs
[1]. Such noise and vibration associated with ERFD usually
prevail in electric machines with low-speed condition [2]. The
ERFD components in machine originates from the interaction
of the magnetic flux density components. The stator slot and
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rotor pole number combination,and stator armature winding
configuration play quite important roles to constitute air-gap
magnetic field in PMSMs. The impacts of these two factors
on the ERFD and its associated vibration are comprehensively
investigated for inner-rotor PMSMs with fractional-slot and
concentrated-winding (FSCW) configuration [3]–[6]. Besides,
ERFD components have been also derived and investigated
in rotor synchronous reference frame for their outer-rotor
counterparts [7]–[10]. Moreover, various analytical [1], [11]–
[13] and numerical [14]–[18] approaches have been proposed
and widely employed to predict the vibration characteristics
associated with ERFD in PMSMs. These ERFD components
act on the stator tooth surfaces and the resultant force com-
ponents are transmitted through the teeth to the stator yoke to
cause deformations. The magnetic and mechanical anisotropy
of stator lamination core caused by the slots has substantial
effect on the force waves acting on the yoke. Most of the ex-
isting literatures as aforementioned solely adopt the stator slot
permeance harmonic components to formulate the complex
stator tooth effect on ERFD characteristics in PMSMs. Such
simplification can potentially induce large errors and invalidate
the predictions. Instead, the resultant ERFD components acting
on each individual stator tooth are employed to predict the
corresponding vibration characteristics in PMSMs [19]–[22].
However, the influence of the stator tooth structure can be
considered as an equivalent mechanical modulation on the
ERFD components. The demonstration and comprehensive
analysis of such modulation effect in induction machine dates
back to nearly 40 years ago [23].The recent revival of stator
tooth modulation effect on electromagnetic radial force has
been based on PMSMs with both FSCW [24] and integral-
slot configurations [25]. Additionally, the noticeable effect
of local tangential force on vibration performance in FSCW
PMSM has been investigated [26]. Generally, the resultant
force components on the stator teeth are contributed by ERFD
components with different spatial and temporal orders, and
the tooth effects on these force components vary according
to their spatial orders. The existing methods cannot provide
the intrinsic relationship between the stator tooth configuration
such as slot number, geometric shape, and ERFD character-
istics. Consequently, it is of particular importance to develop
a general analytical model, which can intuitively describe the
stator tooth effect on the overall ERFD characteristics with
reasonable accuracy.
In this study, a general analytical model is developed to























Fig. 1. Radial force acting on stator yoke: (a) existing model, (b) tooth effect model, (c) ERFD transmission model.
promptly evaluate the stator tooth effect on ERFD charac-
teristics, whose accuracy is validated by both numerical and
experimental results. The analytical derivations, which take
into account the impact of stator tooth geometric parameters,
can intuitively reveal the critical ERFD components and their
main impact factors introduced by the stator tooth modulation
effect. The proposed analytical model, together with the elec-
tromagnetic radial vibration analysis procedure, can be easily
applied to all types of PMSMs. In Section II, the general
theoretical model of stator radial vibration is introduced and
followed by the analytical derivations of stator tooth mod-
ulation effect. Section III is dedicated to the application of
the proposed analytical model on two PMSM prototypes with
different configurations with numerical validations from finite
element analysis (FEA) results, followed by comprehensive
experimental analysis in Section IV. Section V provides the
concluding remarks.
II. ANALYTICAL MODEL OF TOOTH MODULATION EFFECT
A. The Vibration of the Stator
Strictly speaking, both the radial and tangential radial force
components may excite radial vibration in the stator. Since
the radial component is approximately an order of magni-
tude larger than the tangential counterpart in general, it is
reasonable to neglect the contribution from the tangential
components in stator radial vibration analysis [27]. Without
loss of generality, the coupling in the direction between the
radial and tangential directions are neglected and merely the
ERFD components are considered in the proposed analytical
model.
Generally, each ERFD component on the stator core inner
peripheral can be expressed as
pm ωk(θm, t) = Pm ωk cos(mθm − ωkt− ϕm ωk) (1)
where Pm ωk , ωk, m and ϕm ωk are the respective amplitude,
angular frequency, spatial order and phase angle of the ERFD
component. The amplitude of the introduced stator radial












where Ms is the whole mass of the stator system. ζ is
the corresponding modal damping ratio, and an empirical





(2.76× 10−5fm + 0.062) (3)
and Fm ωk can be expressed as
Fm ωk = 2πR0LefPm ωk (4)
The stator system can be further simplified as a circular
cylindrical shell with both ends free of constraints [27]. As a
result, Equation 4 can also be rewritten in the terms of stator
yoke radius instead as




P ′m ωk is the equivalent ERFD component acting on the yoke,
as depicted in Fig.1a. Based on the geometry, it is normally
obtained by




B. The Stator Tooth Modulation Effect Model
The ERFD components can be directly derived from the
interactions between all the magnetic flux density components
in the air gap of the machine. In the existing conventional
methods, the resultant air-gap ERFD components including
slot opening regions are equivalently mapping to the stator
yoke so that the resultant stator radial vibration can be
predicted, as shown in Fig.1a. In reality, the stator inner
peripheral is not continuous due to the slot openings and
hence only the ERFD components in the stator tooth regions
are considered in the proposed analytical method. The air-gap
ERFD components acting on the stator tooth surfaces pass
through the stator teeth to reach the stator yoke and cause
deformation and vibration, as shown in Fig.1b. In order to
maintain the force density vectorial synthesis conservative for
each tooth, the equivalent ERFD components reaching the
stator yoke cover the same arc width as the corresponding
tooth as illustrated in Fig.1c.
As shown in Fig.1b and Fig.1c, the ith tooth inner and top
arc widths are α and β, and middle of the tooth is positioned at
θi. The corresponding amplitudes of the n
th ERFD harmonic
components on the stator yoke from the ith tooth, where 1 ≤
i ≤ Z and Z is the stator slot number, can be derived by
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p′m ωk(θm, t) sin(nθ)dθm
(7)
By substituting Equation (1) and Equation (6) into Equation
(7), the amplitudes of the nth harmonic components from the










ani = Km nP
′
m ωk
· cos((m± n)(θ0 + (i− 1)α)− ωkt− ϕm ωk)
bni = ±Km nP
′
m ωk
· sin((m± n)(θ0 + (i− 1)α)− ωkt− ϕm ωk)
(8)








By superposition of the components from all the stator teeth,
the nth ERFD harmonic component introduced by Pm ωk can
be proposed as




(ani cos(nθm) + bni sin(nθm)) (10)
By substituting Equation (8) into Equation (10), the harmonic
component can be derived. Apparently, p′n ωk = 0 when m±
n 6= kZ, k is integer. With m ± n = kZ, p′n ωk can be
represented as
p′n ωk(θm, t) =Km nP
′
m ωk
· cos(nθm ± ωkt∓ kZθ0 ± ϕm ωk)
(11)








Consequently, as a result of the tooth modulation effect,
abundant of radial force components are introduced from
the original mth order component with the new order of
nth. Noticeably, the rotational direction of the modulated
ERFD component is opposite to the original component with
m+n = kZ, while it keeps the same rotational direction with
m − n = kZ. Normally, the slot opening coefficient is more
frequently employed for the machine design so that Equation










where Kt is slot opening coefficient, Wb0 is the width of
the slot opening, and Wt is stator tooth pitch. According to
Equation (13), there ought to be one or more slot opening
coefficients which can minimize the modulated ERFD com-
ponent of specific spatial order induced by certain original
one. However, such optimal slot opening coefficients are
TABLE I
STRUCTURE SPECIFICATIONS OF PROTOTYPE PMSMS
Parameter First Prototype Second Prototype
Pole pairs number 3 5
Slot number 9 12
Axial active length 54mm 70mm
Stator inner diameter 46mm 41mm
Stator outer diameter 82mm 76mm
Stator yoke height 4.5mm 3mm
Air-gap height 0.75mm 0.5mm
Magnet height 9mm 2mm
Pole arc coefficient 1.0 - - -
Magnet width - - - 10.3mm
Stator mass 0.75kg 1.24kg
(a) (b)
Fig. 2. Cross sections of prototype machines: (a) 9-slot-6-pole, (b) 12-
slot-10-pole.
heavily influenced by the stator slot and rotor pole number
combination.
It can be inspected from Equation (12) that the slot opening
coefficient is the only parameter that will influence the tooth
modulation effect. Therefore, the radial vibration of the stator
shell can be effectively reduced by optimize the slot opening
coefficient.
III. APPLICATION OF STATOR TOOTH MODULATION
EFFECT MODEL
A. PMSM Prototypes
It can be observed from the analytical model in above
section that stator tooth modulation effect plays a much more
important role in PMSM with FSCW configuration than its
integral-slot counterpart due to abundant interharmonic com-
ponents. Consequently, two distinct FSCW PMSM prototypes
are employed to implement the proposed analytical model for
validation.The first prototype possesses 9 stator slots and 6
surface-mounted ferrite magnet poles, while the second one
has 12 stator slots and 10 interior rare earth magnet poles.
The main parameters of the two prototypes are given and
compared in Table I, and the cross sections are depicted
in Fig.2. Although the two prototypes have quite different
axial lengths, they share very similar stator inner and outer
diameters. The first prototype owns very small slot opening in
order to minimize stator slot permeance harmonic components,
and the analytical investigation of stator radial vibration for
this machine is only based on no-load condition. Whilst the
second prototype has relatively large slot opening and interior
IEEE TRANSACTIONS ON INDUSTRIAL ELECTRONICS









































Fig. 3. No-load ERFD spectra in two PMSM prototypes: (a) first
prototype, (b)second prototype.
magnet configuration to maximize the armature reaction effect,
and the analytical investigation of stator radial vibration is
based on no-load and flux-weakening (with high armature
current) conditions.
B. ERFD analysis and discussion
The air-gap magnetic field components of the PMSM pro-
totypes under different operational conditions can be directly
obtained from two-dimensional (2-D) FEA models. The airgap
ERFD components, which is introduced by the magnetic field
components, can be directly evaluated from the dot product.
1) First Prototype: The corresponding ERFD components
in the first prototype under no-load condition are evaluated and
their spectra are compiled and given in Fig.3a. It is noteworthy
that the temporal orders of these components are exactly the
same as their spatial orders. It can be seen from the figure that
the ERFD component with the lowest spatial order of 2p = 6 is
of the largest amplitude, where p is the rotor pole pair number.
This component mainly arises from the fundamental (p = 3)
air-gap permanent magnet (PM) magnetic field. The ERFD
component with spatial order of 4p = 12 is 44%, very close to
half amplitude of the 2p = 6 component, while the amplitude
of 8p = 24 order component can reach up to 15%. Due to
the tooth modulation effect, the third order shape deformation
of the stator shell can be introduced by these components.
Meanwhile, the frequencies of these components are several
times of the fundamental component so that the associated
accelerations on the stator yoke can be quite significant. As
a result, all these components will be investigated with the
mode of 3-order.
The ERFD components with spatial order higher than 40
will be neglected in further analysis due to their small ampli-
tudes. On the other hand, there is a significant zeroth spatial
order ERFD component, which is not included in Fig.3a.
However, the corresponding frequency of this component is
zero, thus it will only cause a static stator shell deformation
but no vibration. Moreover, the component of 6p = 18 and
12p = 36 orders will introduce the zeroth order vibration with
the angular frequencies of 6ωe and 12ωe due to the stator tooth
modulation effect, where ωe is the electric angular frequency.
As a result, the zeroth modal analysis is required as well.
2) Second Prototype: The corresponding ERFD compo-
nents in the first prototype under no-load condition are eval-
uated and their spectra are compiled and given in Fig.3b.


















































Fig. 4. ERFD analysis of second prototype under flux-weakening condi-
tion: (a) air-gap magnetic field components from armature reaction, (b)
ERFD amplitudes.
TABLE II
THE MECHANICAL PROPERTIES OF PROTOTYPES’ MATERIAL
Part Material Young’s modulus Poisson’s ratio
Stator DW465-50 210GPa 0.3
Shell Aluminium 70GPa 0.3
Cover Aluminium 70GPa 0.3
are exactly same. Due to the eccentric rotor pole surface
structure, the high harmonic components of the PM air-gap
magnetic field are relatively small. As a result shown in Fig.3b,
the ERFD component with spatial order of 2p = 10 is the
dominant component with a commanding amplitude while the
rest ERFD components are one order of magnitude smaller.
For the sake of comparison, the ERFD component with spatial
order of 4p = 20 is also employed for further radial vibration
investigation. Moreover, the ERFD components with spatial
order above 50 are all very small and hence neglected for
further analysis. Due to its zero frequency, the large zeroth
spatial order ERFD component is also ignored. According
to the stator tooth modulation effect, stator radial vibration
component with spatial order of (2p−Z) = 2 will be produced
by the 2p = 10 ERFD component, while the vibration
component with spatial order of (4p−2Z) = 4 originates from
modulation of the 4p = 20 ERFD component. The frequencies
of those two components are 2ωe and 4ωe, respectively.
On the other, the flux-weakening operation is implemented
to achieve a high level armature phase current of 8A and hence
an evident armature reaction magnetic field. Assisted by the 2-
D transient electromagnetic FEA, comprehensive predictions
of the main air-gap magnetic field components from the
armature reaction under flux-weakening operation are obtained
and its spatial and temporal spectra are complied and plotted in
Fig.4a. Together with PM air-gap magnetic field components,
the ERFD components with different spatial and temporal
orders can be decoupled accordingly, and illustrated in Fig.4b.
By comparison with Fig.3b, it can be inspected that more
ERFD components appear under flux-weakening operation due
to the interharmonic components from the armature reaction.
Although all their amplitudes are lower than the 2p = 10
component of no-load condition, more severe stator radial
vibration tends to happen.
Noticeably, the rotational direction information of those
airgap magnetic field components is embedded in the temporal
order number. As a consequence, the spatial order numbers
of the resultant ERFD components are always positive. The





Fig. 5. Zeroth and third order modal shapes of first prototype: (a) zeroth









Fig. 6. Second and fourth order modal shapes of second prototype: (a)
second mode, (b) fourth mode.
negative temporal order number represents opposite rotational
direction against the fundamental component. It can be in-
spected from Fig.4b that the ERFD components with spatial
orders of 2, 14 and 26, have quite evident amplitudes and the
same frequency of −2ωe. Based on the stator tooth modulation
effect, stator radial vibration response with spatial order mode
of 2 and frequency of −2ωe are introduced by the 14
th and
26th spatial order ERFD components. On the other hand, there
are also remarkable ERFD components with spatial orders of
10, 22 and 34, and frequency of 2ωe. These components will
also be modulated to induce stator radial vibration with spatial
order mode of 2 but frequency of −2ωe. All these stator radial
vibration responses are with the same spatial order mode and
frequency. They should be vectorially synthesized to obtain
the resultant overall vibration. Analogously, the 8th and 20th
spatial order ERFD components with frequency of 4ωe will
be modulated into the radial vibration components of a spatial
order mode of 4.
C. Stator Natural Frequency Analysis
The eigenvalues of the two prototype stator systems can
be accurately obtained from modal analysis to facilitate the
identification of the main ERFD components. The evaluated
natural frequencies of different stator modes can be directly
used for analytical stator radial vibration predictions. The
material properties used in both prototypes for mechanical
analysis are given in Table II.
1) First Prototype: Based on the above analysis, the 0th
and 3rd spatial order harmonic components are the main cause
of stator radial vibration in the first prototype machine under
TABLE III
THE ANALYTICAL AND NUMERICAL RESULTS OF FIRST PROTOTYPE
Condition Mode Frequency Analytical Numerical
Noload
3 200 0.0265m/s2 0.0364m/s2
3 400Hz 0.0465m/s2 0.0569m/s2
0 600Hz 0.0064m/s2 0.0022m/s2
3 800Hz 0.0635m/s2 0.0636m/s2
3 1000Hz 0.0635m/s2 0.0201m/s2
0 1200Hz 0.0059m/s2 0.0021m/s2
no-load condition. Modal analysis based on three-dimensional
(3-D) mechanical FEA simulations are carried out to evaluate
the 0th or 3rd order natural frequencies of the stator system.
The corresponding mode shapes of the stator are illustrated
in Fig.5, which shows the natural frequencies of these two
modes are 15870Hz and 3807Hz respectively. Fig.5b demon-
strates distinctive third order mode characteristics of the stator.
Meantime, noticeable sixth order mode characteristic of the
stator yoke coexists due to the nine stator teeth. It can also be
observed from Fig.5a that the coexistence of the zeroth and
ninth order mode characteristics of the stator is quite evident.
Although zeroth order mode is the lowest spatial order one,
the corresponding eigenvalue is much larger than its third
order counterpart. It implies that zeroth spatial order ERFD
component will induce less significant vibration than other
ones even with the same amplitude and frequency.
2) Second Prototype: From the previous analysis, the 2nd
and 4th spatial order harmonic components are the main cause
of stator radial vibration in the second prototype machine
under both no-load and flux-weakening conditions. The 2nd
and 4th order natural frequencies of the stator system are
estimated by modal analysis based on 3-D mechanical FEA
simulations, the resultant model shapes and frequencies are
derived and depicted in Fig.6. It can be seen from the figure
that the natural frequencies of the 2nd and 4th stator modes
are 2400Hz and 7190Hz, respectively.












































Fig. 7. Numerical vibration results of second prototype under flux-
weakening condition: (a) 2ωe frequency with different order compo-
nents,(b) 4ωe frequency with different order components.
D. Numerical validation
Based on the air-gap ERFD components from FEA eval-
uations above, the main ERFD components with 0th or 3rd
spatial orders acting on the stator yoke of the first prototype
are evaluated from Equation (11) and (14). The components
with the same spatial and temporal orders are vectorially
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synthesized to feed into Equation (2) to (6), together with the
natural frequencies of the stator. As a result, the main vibration
results of the first prototype machine with no-load condition
under the speed of 2000rpm are analytically evaluated and
given in Table III. By the same measure, the analytical results
of the second prototype machine with no-load and flux-
weakening conditions under the same speed of 1200rpm are






























Fig. 8. Stator absolute displacement distributions of second prototype
under flux-weakening condition: (a) with all force consideration, (b)
without tangential force consideration, (c) without tangential force and
slot region consideration.
In order to validate the analytical model, numerical analysis
of the stator radial vibration has been carried out for the
two prototype machines. The major ERFD components of
the prototype machines are individually loaded on the stator
tooth shoe surfaces in 3-D mechanical FEA models to gain the
corresponding stator radial vibration responses. Moreover, the
vectorial synthesis for the radial vibration responses with same
spatial and temporal orders has been undertaken to achieve the
overall results. The numerical stator radial vibration results for
the first and second prototypes under no-load conditions can
be directly obtained from FEA simulations without synthe-
sization, and presented in Table III and IV, respectively. As
aforementioned, the air-gap ERFD components with spatial
orders of 2, 10, 14, 22, 26, and 34 in the second prototype
with flux-weakening condition can all be modulated to induce
stator radial vibration response with spatial order mode of 2
and frequency of −2ωe and the numerical results are obtained
and shown in Fig.7a. Similarly, the air-gap ERFD components
with spatial orders of 8 and 20 in the second prototype with
flux-weakening condition can induce stator radial vibration
response with spatial order mode of 4 and frequency of 4ωe
and the numerical results are derived and depicted in Fig.7b.
The numerical results in Fig.7 are synthesized accordingly and
demonstrated in Table IV.The analytical and numerical results
of the main stator radial vibration for both prototype machines
in Table III and IV show quite reasonably good agreements
with maximum relative error of about 50%. By considering
the rather simplified vibration model in Equation 2, it is fair
to conclude the proposed analytical model is validated by the
numerical results.
Electromagnetic and mechanical coupling FEA simulations
are carried out to reveal the stator displacements in the second
prototype under flux-weakening condition so that the assump-
tion made for the proposed method can be somewhat justified.
Three scenarios, one with all electromagnetic force considered,
one without electromagnetic tangential force considered, and
the other without both electromagnetic tangential force and
TABLE IV
THE ANALYTICAL AND NUMERICAL RESULTS OF SECOND PROTOTYPE
Condition Mode Frequency Analytical Numerical
Noload
2 200Hz 0.633m/s2 0.45m/s2
4 400Hz 0.0158m/s2 0.0154m/s2
Flux- 2 200Hz 0.739m/s2 0.599m/s2
Weakening 4 400Hz 0.0925m/s2 0.0782m/s2
slot region force considered, have been investigated and the
corresponding stator absolute displacement distributions are
depicted in Fig.8. Furthermore, the radial displacements over
the stator core outer periphery are obtained and compiled
in Fig.9, which reveals all three scenarios share the same
displacement pattern with very close results. The method
adopted in this study has slightly larger radial displacement
than the one with slot region but electromagnetic tangential
force consideration in the regions nearby 0 degree and 180
degree, while it possesses rather smaller radial displacement
than the one with all force consideration in the regions
nearby 90 degree and 270 degree. The assumptions in the
proposed method drastically simplify the evaluation of stator
tooth modulation on electromagnetic radial force in PMSMs
and make the analytical approach practically feasible. Such
simplifications indeed bring some prediction errors, however
it is still of particular importance to have such analytical
method with reasonable accuracy for preliminary assessment
and optimization purposes.

















m M-I M-II M-III
Fig. 9. The radial displacement of stator core outer periphery in
second prototype under flux-weakening condition.(M-I:with all force
consideration;M-II:without tangential force consideration;M-III:without
tangential force and slot region consideration)
E. Experimental Validation
The experimental tests on the two prototype FSCW PMSM
drive system under different operational conditions are carried
out in order to further underpin the validity of the pro-
posed analytical model in this section. The prototype PMSMs
are driven by two-level voltage source inverter (VSI) with
SVPWM technique, and the experimental setups are depicted
as Fig.10. The mechanical transmission and load attached
to the rotor shafts will impose inevitable changes on the
mechanical characteristics of the prototypes, which can be very
difficult to predict. Hence, the shaft of the prototype FSCW
PMSMs are not connected to any mechanical transmissions or
load equipments so that such uncertain interferences can be
eliminated. The Dytran 3023A1 triaxial IEPE accelerometer
is employed to measure the radial vibration of the prototype
IEEE TRANSACTIONS ON INDUSTRIAL ELECTRONICS
(a) (b)
Fig. 10. The experimental setup of prototype PMSM drives: (a) first
prototype,(b) second prototype.








































Fig. 11. Experimental validation of the first prototype: (a) vibration
at 2000rpm,(b) vibration at 3000rpm.(Exp.-Experimental result, Sim.-
Simulation result, Ana.-Analytical result)
stator during the experiment, while Soundbook Expander
908011.6 from SINUS Messtechnik GmbH is used for data
acquisition and process.
1) First Prototype: The experimental results of the first pro-
totype with no-load conditions under speeds of 2000rpm and
3000rpm are obtained and compared with the corresponding
analytical and numerical results in Fig.11. It can be seen from
the figure that the analytical model can well reveal the stator
radial vibration characteristics of the first prototype. Relatively
severe radial vibrations occur at frequencies of 2ωe, 4ωe, 8ωe,
and 10ωe, while they hardly exist at frequencies of 6ωe and
12ωe. As the corresponding ERFD components with spatial
orders of 2p = 6, 4p = 12, 8p = 24 and 10p = 30 can be
modulated into third spatial order components, evident radial
vibrations are induced accordingly on the stator yoke. On the
other hand, the nearly closed-slot configuration makes tooth
effect coefficients very close to zero for ERFD components
with spatial orders of 6p = 18 and 12p = 36. As a result, the
corresponding modulated ERFD components are insignificant.
The small ERFD amplitudes, together with the large stator
natural frequency of zeroth spatial order mode, result in trivial
vibrations from such ERFD components. The analytical model
slightly underestimates the 2ωe and 4ωe components and
mildly overestimates the 8ωe and 10ωe components.
2) Second Prototype: The experimental test on the sec-
ond prototype with no load connection under flux-weakening
current of 8A are carried out. The corresponding armature
current waveform is captured and depicted as Fig.12a, while
its spectra is also compiled and shown in Fig.12b. It can
be observed from the figure that the armature phase current
is essentially sinusoidal with negligible phase-belt harmonic
distortion. The influence of the armature reaction on the stator
radial vibration can be effectively demonstrated and investi-
gated by such flux-weakening current. With a DC link voltage

































Fig. 12. Experimental armature current of the second prototype under
flux-weakening condition at 1200rpm (a) current waveform,(b) current
spectrum.




















































Fig. 13. Experimental validation of the Second prototype: (a) no-load
condition,(b) flux-weakening condition.(Exp.-Experimental result, Sim.-
Simulation result, Ana.-Analytical result)
of 21V, the prototype with an 8A flux-weakening current can
reach the maximum speed of 1200rpm. Furthermore, the DC
link voltage is increased to 60V to achieve the same speed
for the second prototype without load connection and flux-
weakening current. Consequently, the stator radial vibration of
the machine under different operations can be fairly compared.
The experimental results of stator radial vibration are ob-
tained at the rotational speed of 1200rpm, and the spectra of
the stator radial vibration for both conditions are compiled and
depicted with analytical and numerical results in Fig.12. The
figure shows the stator radial vibration with spatial order mode
of 2 and frequency of −2ωe are the dominant components with
both operational conditions. Generally, the analytical model
provides very close predictions. It tends to slightly overesti-
mate the stator radial vibration component with frequency of
−2ωe in the prototype under no-load condition. The analytical
model also accurately estimates this component under flux-
weakening condition. It can be also observed that the model
slightly underestimates the stator radial vibration components
with frequency of −4ωe under both conditions. Moreover, the
numerical method tends to slightly overestimate the stator
radial vibration component with frequency of −2ωe under
no-load condition. Whereas, it delivers a slight underestimate
under flux-weakening condition. It can be also inspected that
they also slightly underestimate the stator radial vibration
components with frequency of −4ωe in the prototype under
both conditions.
3) Discussions: Generally, the mechanical behaviours in
the stator systems of the proposed two prototype machines
are rather complex.It is practically impossible to analyti-
cally characterize such sophisticated phenomenon completely.
Moreover, the modal damping ratios from Equation (3) are
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rather empirical so that inevitable errors can be induced. By
taking into account all these factors, it is fair to conclude
that the analytical results are in good agreements with the
corresponding numerical and experimental results. Overall, the
validity of the proposed analytical model of stator tooth mod-
ulation effect on stator radial vibration has been underpinned
by the numerical and experimental results.
IV. CONCLUSION
In this study, a simple yet effective analytical model is
developed to account for the stator tooth modulation effect
on ERFD components and hence the stator radial vibration
in PMSM. Both surface-mounted and interior PMSMs are
employed for the application of the proposed analytical model.
Both numerical analysis and experimental tests are carried
out to validate the proposed stator tooth modulation model.
Based on the proposed stator tooth modulation effect model,
the characteristics of stator radial vibration can be accurately
predicted and effectively illustrated. Moreover, the influences
of the design parameters on the stator radial vibration charac-
teristics can also be insightfully revealed by the corresponding
analytical model. The proposed method can be further em-
ployed to facilitate quick preliminary study on stator radial
vibration optimization.
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